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Abstract. We provide bounds on the stability degree of curves of genus 𝑔. In order to do this
we study the obstruction to semi-stable reduction of semi-abelian varieties and in degenerating
families of abelian varieties.

1. Introduction

1.1.1. The notion of stable reduction of curves has been introduced by Deligne and Mumford in
their seminal paper [DM72] in order to provide a compactification of the moduli space of curves.
For a smooth curve 𝐶 of genus 𝑔 ≥ 1 over a number field there is a finite extension such that
the base change of 𝐶 has stable reduction. Our first result is to give an almost optimal bound
on the value of the smallest integer, denoted 𝑑𝐶𝑔 , such that for any curve of genus 𝑔, there is an
extension of degree at most 𝑑𝐶𝑔 for which the base change of the curve has stable reduction.

Theorem 1.1 (Theorem 4.13). We have

𝑀(2𝑔)/2𝑔−1 ≤ 𝑑𝐶𝑔 ≤ 𝑀(2𝑔)

and the equalities 𝑑𝐶1 = 𝑀(2), 𝑑𝐶2 = 𝑀(4), and 𝑑𝐶3 = 𝑀(6) where 𝑀(𝑛) =
∏︀

𝑝 𝑝
𝑟(𝑛,𝑝) with

𝑟(𝑛, 𝑝) =
∑︀

𝑖≥0⌊𝑛/𝑝𝑖(𝑝− 1)⌋.

Similar questions were studied by Chrétien, Lehr and Matignon in a series of papers [CM13;
LM05; LM06] and an unpublished manuscript. Their constructions are explicit and provides
examples of curves with 𝑝-maximal stability degree in low genus.

1.1.2. Deligne and Mumford show that stable reduction of a curve is equivalent to semi-stable
reduction for its Jacobian so that the upper bound follows directly from earlier work – see
[Phi22a]. To obtain the lower bound we use singular stable curves, defined as trees whose leaves
are Matsumoto-Seyama curves of [CP25]. By Galois twisting, we obtain curves whose Jacobians
have a maximal semi-stability degree at odd primes 𝑝. Since those curves are singular their
Jacobians are semi-abelian varieties with positive toric rank in most cases. The first part of the
paper is thus devoted to studying the semi-stable reduction of semi-abelian varieties and their
finite monodromy groups, the groups that represent the local obstruction to semi-stable reduction.
The proofs follow closely those of [Phi22a] and [Phi22b]. A Grothendieck type characterization of
semi-stable reduction for semi-abelian varieties is given in [HN10], we provide a similar proof for
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the sake of completeness and some details that are relevant to our work. We give a computation
of the semi-stability degree 𝑑𝑔(𝑡, 𝑎) of semi-abelian varieties with toric rank 𝑡 and abelian rank 𝑎 –
see Definition 2.16 – and a Silverberg-Zarhin type description of their finite monodromy groups
in Theorem 2.13.
Let 𝛽 : N → N be defined by 𝛽(2) = 3/2, 𝛽(4) = 3, 𝛽(6) = 9/4, 𝛽(8) = 135/2, 𝛽(9) = 15/2,
𝛽(10) = 9/4 and 𝛽(𝑛) = 1 for all other values of 𝑛 ∈ N.

Theorem 1.2 (Theorem 2.22). For all integers 𝑔 ≥ 1, 𝑡 ≥ 0, and 𝑎 ≥ 0 such that 𝑔 = 𝑡+ 𝑎 we
have

𝑑𝑔(𝑡, 𝑎) = 𝛽(𝑡)2𝑡𝑡! ·𝑀(2𝑎).

1.1.3. The main technical difficulty is to relate the results on semi-abelian varieties to the stable
reduction of smooth curves by the use of singular curves. To do this, we provide a new form of
Krasner’s lemma, which deals with quasi-finite morphisms over local fields. Precisely, it generalizes
earlier versions of Krasner’s lemma for finite étale maps by providing that, in the smooth locus of
the base, points outside the étale locus provide lower bounds for the Galois groups of the étale
fibers that are close enough.

Theorem 1.3 (See Theorem 3.4). Let 𝑓 : 𝑋 → 𝑌 be a quasi-finite morphism of varieties over a
𝑝-adic field 𝐾. Assume 𝑌 is smooth and let 𝑆 ⊂ 𝑌 be the non-empty open subset such that 𝑓 is
finite étale. Then there is a finite open and closed covering 𝑈1, . . . , 𝑈𝑛 of 𝑆(𝐾) and finite groups
𝐺1, . . . , 𝐺𝑛 such that, for all 1 ≤ 𝑖 ≤ 𝑛, 𝑠 ∈ 𝑆(𝐾) is in 𝑈𝑖 if and only if the Galois group of the
fiber of 𝑓 at 𝑠 is 𝐺𝑖. Furthermore, for 𝑥 ∈ (𝑌 ∖𝑆)(𝐾), there is an 𝑖 ∈ {1, . . . , 𝑛} such that 𝑥 ∈ 𝑈𝑖

and for any such 𝑖 ∈ {1, . . . , 𝑛} we have a surjection 𝐺𝑖 → 𝐺𝑥, with 𝐺𝑥 the Galois group of the
fiber at 𝑥.

Applied to the moduli spaces of stable curves with enough marked points, we get that the singular
curves provide lower bounds to the stability degree of the smooth curves that are close enough.

1.1.4. The first part of the paper is devoted to the study of the finite monodromy groups and
the semi-stable reduction of abelian varieties. The results builds on those of [Phi22a], [Phi24] and
[Phi25] mostly. In order to compute the degree of semi-stability 𝑑𝑔(𝑡, 𝑎) a special attention to
the case of tori is given in Section 2.3. In order to deal with those, we make use of the maximal
subgroups of GL𝑡(Z) given by Feit, in [Fei96], with a twisting result for tori.

The second part deals with our new version of Krasner’s lemma over complete fields with discrete
valuations of rank 1. We first go over some standard facts in the analytic topology about finite
étale maps, namely that they are open and closed, and about the rational points in the smooth
locus. We are then able to prove our Krasner’s lemma in its general form before making a special
case for the inertia subgroups. The proof is straightforward and is obtained by carefully studying
the properties of the sets of rational points with fibers having a given Galois group or being
included in given field extension of the base field. To apply this to semi-abelian schemes that
degenerate, the key is Lemma 3.6 which shows that one can identify the finite monodromy groups
of the fibers of the semi-abelian scheme 𝐺 → 𝑆 from the fibers of the ℓ-torsion map 𝐺[ℓ] → 𝑆.
Krasner’s lemma applied with this map thus provides open subsets of 𝑆(𝐾) with fixed finite
monodromy, bounded by their boundaries.

The last part of the paper is the application to the stability degree of curves. We first construct the
singular curves with maximal finite monodromy groups for odd 𝑝 using the Matsumoto-Seyama
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curves of [CP25] and the twisting construction of [Phi22b]. We start by a digression, providing
a construction of curves in characteristic 2 with automorphism groups having their order with
maximal 2-adic valuation. The construction is detailed to showcase the slightly more difficult
situation of characteristic 0 and odd primes. For the main result, Krasner’s lemma in the form of
Theorem 3.7 is applied to the Jacobian of the biggest open subscheme of the compactified moduli
spaces of curves with many marked points. We thus get an incomplete Skolem data in the sense
of Moret-Bailly – see [Mor89] – on the locus of smooth curves in the moduli space which thus has
an integral solution. The resulting curve provides the lower bound to 𝑑𝐶𝑔 .

2. The case of semi-abelian varieties

2.1. A characterization of semi-stable reduction

2.1.1. We will prove a characterization of semi-stable reduction of semi-abelian varieties by their
ℓ-adic Tate modules. This was already done by Halle and Nicaise in [HN10] Section 4 and our
proof is essentially the same but gives slightly more precisions. We record it here as it is useful
context for the next parts.

Let 𝐴 be a semi-abelian variety over the maximal unramified extension 𝐾 of a 𝑝-adic field. The
semi-abelian variety 𝐴 fits into the following exact sequence

0 𝑇 𝐴 𝐵 0

where 𝑇 is a torus and 𝐵 an abelian variety over 𝐾. Let us note 𝑔 = dim𝐴, 𝑡 = dim𝑇 and
𝑎 = dim𝐵

Let ℓ be a prime number distinct from the residual characteristic 𝑝 of 𝐾. Let us denote by
Tℓ 𝑇 , Tℓ𝐴 and Tℓ𝐵 the ℓ-adic Tate modules of 𝑇 , 𝐴, and 𝐵 respectively. These are free Zℓ-
modules equipped with an action of 𝐼𝐾 , the absolute Galois group of 𝐾. Let us recall that from
Grothendieck’s monodromy theorem for ℓ-adic representations there is a smallest extension 𝐿/𝐾
such that 𝐼𝐿 acts unipotently on Tℓ𝐴. This action of 𝐼𝐿 factors through its quotient isomorphic
to Zℓ and is thus given by the action of a single element. By the exact sequence defining 𝐴, we
have an exact sequence of 𝐼𝐾-modules

0 Tℓ 𝑇 Tℓ𝐴 Tℓ𝐵 0.

It follows that the action of 𝐼𝐿 on Tℓ 𝑇 is trivial and it is unipotent on Tℓ𝐵. The semi-abelian
variety 𝐴 admits a Néron model 𝒜 over the spectrum 𝑆 of the ring of integers of 𝐾. The same
holds for 𝑇 and 𝐵 and we denote their Néron models by 𝒯 and ℬ respectively. We also denote
with ∘ the subscheme with special fiber the connected component of the neutral point. Finally,
we denote by 𝐴𝑘, 𝑇𝑘 and 𝐵𝑘 the reductions of 𝐴, 𝑇 and 𝐵, that is the connected components of
the special fibers of their Néron models.

The following lemma is extracted from the proof of Proposition 10.1.7 of [BLR90].

Lemma 2.1. Let 𝐴 be a semi-abelian variety with maximal torus 𝑇 and abelian quotient 𝐵.
Suppose that 𝑇 is split. Then there is an exact sequence of 𝑆-schemes

0 𝒯 ∘ 𝒜∘ ℬ∘ 0

We also need the following lemma to translate this result to ℓ-adic Tate modules.
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Lemma 2.2. Let 𝐿/𝐾 be a finite extension such that 𝐼𝐿 acts unipotently on Tℓ𝐴. Then we have
an exact sequence

0 (Tℓ 𝑇 )
𝐼𝐿 (Tℓ𝐴)𝐼𝐿 (Tℓ𝐵)𝐼𝐿 0.

Proof. Since the action of 𝐼𝐿 is unipotent on Tℓ𝐴, it is trivial on the stable sublattice corresponding
to 𝑇 . We thus have that 𝑇 is split and we can apply the previous lemma to this situation. The
sequence

0 𝒯 ∘ 𝒜∘ ℬ∘ 0

of algebraic groups over 𝒪𝐿 is thus exact.

Now, we have that 𝐴[ℓ𝑛]𝐼𝐿 is identified with the subgroup scheme of 𝒜[ℓ𝑛] which is finite étale
over 𝑆. An element of (Tℓ𝐴)

𝐼𝐿 is thus a compatible sequence of elements in such torsion group
schemes.

From the exactness of the sequence it suffices to show that for an element (𝑥𝑖) ∈ (Tℓ𝐴)
𝐼𝐿 we

have 𝑥𝑖 ∈ 𝒜∘ for all 𝑖 to conclude. This can be checked on the special fiber as for 𝑖 ∈ N, 𝑥𝑖
corresponds to a point on the special fiber 𝑦𝑖. Note that the point 𝑦𝑖 is infinitely divisible by ℓ.
Let 𝑛 ∈ N such that ℓ𝑛 is greater than the order of the group of connected components of 𝒜𝑘.
Then 𝑦𝑖 = ℓ𝑛 · 𝑦𝑖+𝑛 so that 𝑦𝑖 ∈ 𝒜∘

𝑘 and 𝑥𝑖 ∈ 𝒜∘ by definition. □

We get the following corollary.

Corollary 2.3. For ℓ big enough, the sequence

0 (Tℓ 𝑇 )
𝐼𝐾 (Tℓ𝐴)𝐼𝐾 (Tℓ𝐵)𝐼𝐾 0

is exact.

Proof. First recall that we have the equality 𝑀 𝐼 = (𝑀 𝐼𝐿)Gal(𝐿/𝐾) for all finite Galois extension
𝐿 of 𝐾 and all 𝐼𝐾-module 𝑀 . By the previous lemma, the sequence

0 (Tℓ 𝑇 )
𝐼𝐿 (Tℓ𝐴)𝐼𝐿 (Tℓ𝐵)𝐼𝐿 0

is exact, for any 𝐿 for any extension 𝐿/𝐾 such that 𝐼𝐿 acts unipotently on Tℓ𝐴. By Grothendieck’s
monodromy theorem such an 𝐿 exists and we choose one. We thus have to take the Gal(𝐿/𝐾)-
invariants of the previous exact sequence. But if ℓ is big enough, the order of the finite group
Gal(𝐿/𝐾) is invertible in Zℓ. It follows that, as a free Zℓ-module, (Tℓ 𝑇 )

𝐼𝐿 is cohomologically
trivial for Gal(𝐿/𝐾). Thus we have the exactness of the sequence of invariants as we sought. □

Finally, let us show that the unipotent rank 𝜆𝐴 of the reduction 𝐴𝑘 of 𝐴 is the sum of the
unipotent ranks 𝜆𝑇 and 𝜆𝐵 of the reductions of 𝑇 and 𝐵. We also denote by 𝑎0 and 𝑡0 the abelian
and toric ranks of the reduction 𝐴𝑘 as well as 𝑡′ and 𝑎′ the toric rank and abelian ranks of 𝐵𝑘.
Finally denote by 𝑡′′ the toric rank of 𝑇𝑘.

Proposition 2.4. We have 𝜆𝐴 = 𝜆𝑇 + 𝜆𝐵, 𝑎0 = 𝑎′ and 𝑡0 = 𝑡′ + 𝑡′′.

Proof. By definition we have the equalities 𝑡′ + 𝑎′ + 𝜆𝐵 = dim𝐵𝑘 = dim𝐵 = 𝑎, 𝑡′′ + 𝜆𝑇 =
dim𝑇𝑘 = dim𝑇 = 𝑡 and 𝑎0 + 𝑡0 + 𝜆𝐴 = dim𝐴𝑘 = dim𝐴 = 𝑎+ 𝑡..
Let ℓ a prime big enough and consider the exact sequence of ℓ-adic Tate modules

0 (Tℓ 𝑇 )
𝐼𝐾 (Tℓ𝐴)𝐼𝐾 (Tℓ𝐵)𝐼𝐾 0.
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This exact sequence is giving Tℓ𝐴𝑘 as an extension of Tℓ𝐵𝑘 by Tℓ 𝑇𝑘. We get the equality

𝑡0 + 2𝑎0 = 𝑡′ + 𝑡′′ + 2𝑎′.

The variety 𝐴𝑘 is an extension of an abelian variety 𝐵0 by a commutative group scheme 𝑇0 × 𝑈0

where 𝑈0 is unipotent of dimension 𝜆𝐴. We thus have an exact sequence

0 Tℓ 𝑇0 Tℓ𝐴𝑘 Tℓ𝐵0 0

where 𝑡0 is the dimension of 𝑇0 and 𝑎0 that of 𝐵0.
On the other hand, the sequence of Néron models

𝒯 → 𝒜 → ℬ
is a complex so that the map Tℓ 𝑇𝑘 → Tℓ𝐵𝑘 is zero. Note furthermore that the maps of Tate
modules that realize Tℓ𝐴𝑘 as an extension of Tℓ𝐵𝑘 by Tℓ 𝑇𝑘 are induced by the maps between
Néron models. We thus get another exact sequence

0 Tℓ 𝑇0/Tℓ 𝑇𝑘 Tℓ𝐵𝑘 Tℓ𝐵0 0

from which we get the inequalities

𝑡′ ≥ 𝑡0 − 𝑡′′ and 𝑎′ ≥ 𝑎0

We thus have the following equalities and inequalities

𝑡′ + 𝑎′ + 𝜆𝐵 = 𝑎(2.1.1)

𝑡′′ + 𝜆𝑇 = 𝑡(2.1.2)
𝑡0 + 𝑎0 + 𝜆𝐴 = 𝑎+ 𝑡(2.1.3)

𝑡0 + 2𝑎0 = 𝑡′ + 𝑡′′ + 2𝑎′(2.1.4)

𝑡′ ≥ 𝑡0 − 𝑡′′(2.1.5)

𝑎′ ≥ 𝑎0(2.1.6)

By using equation (2.1.3) and replacing the values of 𝑡 and 𝑎 by those in equations (2.1.2) and
(2.1.1) we get

𝜆𝐴 = 𝑡′ + 𝑡′′ + 𝑎′ + 𝜆𝑇 + 𝜆𝐵 − 𝑡0 − 𝑎0.

Now using equation (2.1.4) we get

𝜆𝐴 = 𝜆𝑇 + 𝜆𝐴 + 𝑎0 − 𝑎′.

Hence with inequality (2.1.5) and replacing 𝑡′ by its expression in (2.1.4) we get

𝑡0 + 2𝑎0 − 𝑡′′ − 2𝑎′ ≥ 𝑡0 − 𝑡′′

which simplifies to
𝑎0 ≥ 𝑎′.

With the inequality (2.1.6) we thus obtained 𝑎0 = 𝑎′ and 𝜆𝐴 = 𝜆𝑇 + 𝜆𝐵. It also follows that
𝑡0 = 𝑡′ + 𝑡′′. □

We can now state the different characterization of semi-stable reduction for semi-abelian varieties.

Theorem 2.5. Let 𝐴 be a semi-abelian variety over 𝐾. The following statements are equivalent.
(𝑖) The semi-abelian variety 𝐴 has semi-stable reduction.
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(𝑖𝑖) The torus 𝑇 has good reduction and the abelian variety 𝐵 has semi-stable reduction.
(𝑖𝑖𝑖) The action of 𝐼 on Tℓ𝐴 is unipotent of order 3 for any ℓ ̸= 𝑝.
(𝑖𝑖𝑖)′ The action of 𝐼 on Tℓ𝐴 is unipotent for any ℓ ̸= 𝑝.

Furthermore, when one of those hold, the toric rank of 𝐴𝑘 is 𝑡 + 𝑡0 and its abelian rank is 𝑎0
where 𝐵𝑘 is an extension of a torus of dimension 𝑡0 by an abelian variety of dimension 𝑎0.

Proof. If the action of 𝐼 on the ℓ-adic Tate module of 𝐴 is unipotent then its action on 𝑇 is trivial
and the induced one on 𝐵 is then unipotent of order 2. We get that (𝑖𝑖𝑖) is equivalent to (𝑖𝑖𝑖)′. In
both cases, 𝑇 has good reduction and 𝐵 has semi-stable reduction so

(𝑖𝑖𝑖′) ⇐⇒ (𝑖𝑖𝑖) ⇐⇒ (𝑖𝑖).

The last equivalence (𝑖) ⇐⇒ (𝑖𝑖) directly follows Proposition 2.4 and so does the last part of the
statement.

□

2.2. The finite monodromy groups of semi-abelian varieties

2.2.1. Let 𝐴 be a semi-abelian variety over a number field 𝐾 and 𝑣 ∈ Σ𝐾 a non-archimedean
place. We will first define finite monodromy groups for 𝐴. We denote by 𝐾un

𝑣 the maximal
unramified extension of the completion 𝐾𝑣 of 𝐾 at 𝑣. Its absolute Galois group Gal(𝐾𝑣/𝐾

un
𝑣 ) is

the absolute inertia group 𝐼𝑣 of 𝐾 at 𝑣.

Lemma 2.6. Let ℓ ≠ 𝑝. There is an open subgroup 𝐼𝑣,𝐴 ⊂ 𝐼𝑣, independent of ℓ, such that for
every open subgroup 𝐼 ′ ⊂ 𝐼𝑣 the restriction of the action of 𝐼𝑣 on Tℓ𝐴 is unipotent if and only if
𝐼 ′ ⊂ 𝐼𝑣. Furthermore, 𝐼𝑣,𝐴 is normal inside 𝐼𝑣 and inside 𝐺𝐾𝑣 .

Proof. Let 𝐼𝑣,𝐵 be the corresponding subgroup for 𝐵, which exists by [SGA7.1] Exposé IX, and
𝐼𝑣,𝑇 the kernel of the action of 𝐼𝑣 on Tℓ 𝑇 . Let us set 𝐼𝑣,𝑎 = 𝐼𝑣,𝐵 ∩ 𝐼𝑣,𝑇 . If 𝐼 ′ ⊂ 𝐼𝑣 is an open
subgroup such that the action of 𝐼 ′ on Tℓ𝐴 is unipotent we have that 𝐼 ′ acts trivially on Tℓ 𝑇
and unipotently on Tℓ𝐵. We thus have that 𝐼 ′ ⊂ 𝐼𝑣,𝐴.

Since 𝐼𝑣,𝐴 is the intersection of normal subgroups in either 𝐺𝐾𝑣 or 𝐼𝑣 it is itself normal in both
groups. □

The main definition of the section is as follows.

Definition 2.7. The finite monodromy group of 𝐴 at 𝑣 denoted by Φ𝐴,𝑣 is defined as the
quotient 𝐼𝑣/𝐼𝑣,𝐴. It is the Galois group of the smallest extension 𝐾𝑣,𝐴 of 𝐾un

𝑣 such that 𝐴𝐾𝑣,𝐴

has semi-stable reduction.

For a semi-abelian variety over a 𝑝-adic field we thus have a similar definition allowing us to
consider the finite monodromy group of such a variety.

Let us see the basic properties related to these groups.

Proposition 2.8. The group Φ𝐴,𝑣 has the following properties.
(i) The semi-abelian variety 𝐴 has semi-stable reduction at 𝑣 if and only if Φ𝐴,𝑣 = {1}
(ii) There is an isomorphism

Φ𝐴,𝑣 ≃ Γ𝑝 ⋊ Z/𝑛Z

where Γ𝑝 is a 𝑝-group and 𝑛 is an integer prime to 𝑝.
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(iii) For 𝐿/𝐾 a finite extension with a place 𝑤 | 𝑣 such that 𝐴𝐿 has semi-stable reduction at 𝑣
there is an injective map

Φ𝐴,𝑣 →˓ Aut(𝐴𝐿)𝑘(𝑤)
.

Proof. The property (𝑖) follows directly the definition of Φ𝐴,𝑣 and (𝑖𝑖) is a standard fact about
inertia groups of 𝑝-adic fields.

For (𝑖𝑖𝑖), let us first base change to the maximal unramified extension 𝐾un
𝑣 of 𝐾𝑣. Consider 𝐴𝐾𝐴,𝑣

with its canonical descent datum. Note that its reduction is exactly (𝐴𝐿)𝑘(𝑤)
. By the Néron

mapping property the descent datum extends to the Néron model 𝒜 of 𝐴𝐾𝐴,𝑣
and by pullback to

the special fibers it produces an action of Φ𝐴,𝑣 on (𝐴𝐿)𝑘(𝑤)
. It is left to show that this action is

faithful. This last point comes from the following commutative diagram

𝐼𝑣 Φ𝐴,𝑣 Aut(Tℓ𝐴)𝐼𝑣,𝐴

Aut(𝐴𝐿)𝑘(𝑤)
Tℓ(𝐴𝐿)𝑘(𝑤)

∼

□

Let us finish by recording a characterization which is due to Silverberg and Zarhin in the case of
abelian varieties - see [SZ95] Theorem 5.2. The proof is essentially identical and is omitted.

Proposition 2.9. Let 𝐺𝑣 be the Zariski closure of 𝜌𝐴,ℓ(𝐼𝑣) in GL2𝑎+𝑡(Qℓ). We have an isomor-
phism

Φ𝐴,𝑣 ≃ 𝐺𝑣/𝐺
∘
𝑣.

Since 𝐺𝑣 has Zariski dense Qℓ-rational points the finite étale group of components 𝐺𝑣/𝐺
∘
𝑣 is

identified with its group of rational points.

2.2.2. We turn to characterizations of finite monodromy groups of semi-abelian varieties. The
first one is geometric and uses semi-abelian varieties over finite fields. We give a group theoretic
characterization afterwards.

Proposition 2.10. Let 𝐺 be a finite ramification group. Let 𝐴0 be a semi-abelian variety of
dimension 𝑔 over a finite field 𝑘 of characteristic 𝑝 with a polarization 𝜆0 such that 𝜄 : 𝐺 →˓
Aut(𝐴0, 𝜆0). Assume furthermore that there is a torus 𝑇1 ⊂ 𝑇0 of dimension 𝑡1 which is stable
by the action of 𝐺. Then there is a semi-abelian variety 𝐴 over a 𝑝-adic field 𝐾 of dimension 𝑔
and toric rank dim𝑇1 such that 𝐺 is the finite monodromy group of 𝐴. Furthermore, 𝐴 is such
that for any extension 𝐿 of 𝐾 for which 𝐴𝐿 has semi-stable reduction, the group 𝐺 acts on the
reduction 𝐴′

0 of 𝐴𝐿 and stabilizes a subtorus of dimension 𝑡1.

Proof. The injective homomorphism 𝐺 →˓ Aut(𝐴0, 𝜆0) gives an injective map 𝐺 →˓ Aut(𝑇0, 𝜆𝑇0)×
Aut(𝐵0, 𝜆𝐵0). The condition that 𝐺 stabilizes 𝑇1 further gives that this injection can be refined
in an embedding ̃︀𝜄 : 𝐺 −→ Aut𝑇1 ×Aut(𝑇0/𝑇1 ×𝐵0,̃︁𝜆0)

where ̃︁𝜆0 is the induced polarization. Let 𝐺2 be the image of the projection of 𝐺 onto the second
factor and 𝐺1 be the kernel of this map. Since ̃︀𝜄 is an embedding 𝐺1 acts faithfully on 𝑇1. Let us
now fix an extension 𝐿 of Qun

𝑝 which is Galois of group 𝐺 and denote by 𝐿𝐵 the subfield fixed by
𝐺1 – this is possible by the main result of [Mau68].
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Now, by Théorème 3.2 and Théorème 3.10 of [Phi24] the semi-abelian variety 𝑇0/𝑇1 ×𝐵0 lifts to
an abelian variety 𝐵 over the field 𝐾un such that 𝐺2 is the finite monodromy group of 𝐵 and
𝐵𝐿𝐵

has semi-stable reduction. We can now consider the semi-abelian variety 𝐴 = 𝑇 ×𝐵 where
𝑇 is the torus given by the 𝐿-twist of G𝑡1

𝑚 by the map pr1 ∘̃︀𝜄 : 𝐺 → GL𝑡1(Z). By Proposition 2.18
the group 𝐺1 is a subgroup of the finite monodromy group Φ𝑇 of 𝑇 and it follows that 𝐾𝐴 = 𝐿.
In particular, we have Φ𝐴 = 𝐺.

Through its Galois action on 𝐿 the group 𝐺 acts on 𝐴𝐿 and on its Néron model. This action
respects the exact sequence given by Lemma 2.2 and thus, by passing to the special fiber, stabilizes
a subtorus of dimension 𝑡1.

The semi-abelian variety 𝐴 descends to a 𝑝-adic field 𝐾. For a field 𝐹/𝐾 such that 𝐴𝐹 has
semi-stable reduction, one can check that the action of 𝐺 we defined on the base change 𝐴′

𝑘
of

the reduction 𝐴′ of 𝐴𝐹 as a semi-abelian variety over the residue field 𝑘 of 𝐹 descends to 𝐴′. □

This directly provides a geometric characterization of finite monodromy groups of semi-abelian
varieties.

Corollary 2.11. Let 𝐺 be a finite ramification group. Then 𝐺 is the finite monodromy group of a
semi-abelian variety 𝐴 of toric rank 𝑡 and abelian rank 𝑎 over a number field 𝐾 at a place 𝑣 ∈ Σ𝐾

if and only if there is a polarized semi-abelian variety (𝐴0, 𝜆0) of dimension 𝑡+ 𝑎 over a finite
field of characteristic 𝑝 with a faithful action of 𝐺 that stabilizes a torus 𝑇0 ⊂ 𝐴0 of dimension 𝑡.

2.2.3. For a prime 𝑝 and positive integers 𝑡, 𝑡′ and 𝑎 we introduce the notion of (𝑝, 𝑡, 𝑡′, 𝑎)-inertial
groups. It is a slight generalization of the notion of (𝑝, 𝑡, 𝑎)-inertial groups of Silverberg and
Zarhin from [SZ05].

Definition 2.12. Let 𝐺 be a finite group, 𝑝 a prime number and 𝑡, 𝑡0 and 𝑎0 non-negative
integers not all zero. The group 𝐺 is said to be (𝑝, 𝑡, 𝑡′, 𝑎)-inertial if the following two conditions
hold.

(𝑖) The group 𝐺 is isomorphic to a semi-direct product Γ𝑝 ⋊ Z/𝑛Z with Γ𝑝 a 𝑝-group and 𝑛
a positive integer prime to 𝑝.

(𝑖𝑖) There exists a family of injective homomorphisms indexed by the prime numbers ℓ ̸= 𝑝

(𝜄ℓ : 𝐺 →˓ GL𝑡(Z)×GL𝑡0(Z)× Sp2𝑎0(Qℓ))ℓ̸=𝑝

such that the first two projections are independent of ℓ and the characteristic polynomials
of the images of the elements of 𝐺 by the projections (𝑝ℓ : 𝐺 → Sp2𝑎0(Qℓ))ℓ̸=𝑝 have
integral coefficients independent of ℓ.

Theorem 2.13. Let 𝑝 be a prime number, 𝑡, 𝑡0 and 𝑎0 be non negative integers not all zero. A
finite group 𝐺 is (𝑝, 𝑡, 𝑡0, 𝑎0)-inertial if and only if there is a semi-abelian variety 𝐴 of dimension
𝑡+ 𝑡0 + 𝑎0 with toric rank 𝑡 and abelian rank 𝑡0 + 𝑎0 over a 𝑝-adic field 𝐾 with 𝐺 ≃ Φ𝐴 and such
that for any field 𝐿/𝐾 for which 𝐴𝐿 has semi-stable reduction, the reduction 𝐴′ of 𝐴𝐿 has toric
rank 𝑡+ 𝑡0 and abelian rank 𝑎0 and the action of 𝐺 on 𝐴′ stabilizes a subtorus of rank 𝑡.

Proof. Let 𝐺 be a (𝑝, 𝑡, 𝑡0, 𝑎0)-inertial group. Then 𝐺′, its image on the factor GL𝑡0(Z)×Sp2𝑎0(Qℓ)
for some ℓ ̸= 𝑝 is independent of ℓ. The group 𝐺′ is (𝑝, 𝑡0, 𝑎0)-inertial and thus it follows from
[Phi25] Theorem 4.8 that there is a semi-abelian variety 𝐴′

0 with a polarization 𝜆′
0 such that

𝐺′ ⊂ Aut(𝐴′
0, 𝜆

′
0). Consider now the semi-abelian variety 𝐴0 = G𝑡

𝑚 ×𝐴′
0 with the polarization

𝜆0 = (id× 𝜆′
0). We have an inclusion 𝐺 ⊂ Aut(𝐴0, 𝜆0) by construction and the induced action
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stabilizes the subtorus given by the inclusion of G𝑡
𝑚. By Proposition 2.10 we get the conclusion

that 𝐺 is a finite monodromy group of a semi-abelian variety 𝐴 with the required properties.

For the converse, consider the reduction 𝐴′ of the base change 𝐴𝐾𝐴,𝑠
of 𝐴 to 𝐾𝐴,𝑠, the smallest

extension of 𝐾un over which it has semi-stable reduction. The action of 𝐺 on 𝐴′ is faithful and
stabilizes a subtorus of rank 𝑡. Let 𝐴0 be the reduction of the abelian quotient of 𝐴𝐾𝐴,𝑠

. By the
exactness of connected components of Néron models, it is a quotient of 𝐴′. We have that the
induced action of 𝐺 commutes to any polarization defined over 𝐾 on the abelian quotient of
𝐴𝐾𝐴,𝑠

so that we get an injective map

𝐺 −→ GL𝑡(Z)×Aut(𝐴0, 𝜆0).

As usual, we can decompose further

𝐺 −→ GL𝑡(Z)×GL𝑡0(Z)×Aut(𝐵0, 𝜆𝐵0)

by breaking 𝐴0 in its toric and abelian exact sequence. Finally, taking ℓ ̸= 𝑝 a prime and composing
with the ℓ-adic Tate module map Aut(𝐵0, 𝜆𝐵0) → 𝑇ℓ𝐵0 we get that 𝐺 is (𝑝, 𝑡, 𝑡0, 𝑎0)-inertial. □

As before, the characterization follows directly.

Corollary 2.14. A finite group 𝐺 is the finite monodromy group of a semi-abelian variety of
dimension 𝑔 over a 𝑝-adic field 𝐾 if and only if it is (𝑝, 𝑡, 𝑡0, 𝑎0)-inertial for some integers 𝑡, 𝑡0,
𝑎0 such that 𝑡+ 𝑡0 + 𝑎0 = 𝑔.

2.3. The semi-stability degree for semi-abelian varieties

2.3.1. Let us first state the semi-stable reduction theorem for semi-abelian varieties.

Theorem 2.15. Let 𝐴 be a semi-abelian variety over a number field 𝐾. Then, there is a finite
extension 𝐿/𝐾 such that 𝐴𝐿 has semi-stable reduction.

Furthermore, we have

𝑑(𝐴) = min{[𝐿 : 𝐾] | 𝐴𝐿 has semi-stable reduction} = lcm
𝑣∈Σ𝐾

CardΦ𝐴,𝑣.

Proof. Let 𝑆 ⊂ Σ𝐾 be the finite set of places of bad reduction of 𝐴. For 𝑣 ∈ 𝑆 the extension
𝐾𝑣,𝐴 of 𝐾un

𝑣 from Definition 2.7 is finite of degree CardΦ𝐴,𝑣. It descends to a totally ramified
extension, that we denote again by 𝐾𝑣,𝐴, of the same degree of 𝐾𝑣 by Lemma 2.1 of [Phi22a]. Let
𝐾 ′

𝑣,𝐴 be the extension of 𝐾𝑣,𝐴 obtained by compositum with the unique unramified extension of
𝐾𝑣 such that

[𝐾 ′
𝑣,𝐴 : 𝐾𝑣] = lcm

𝑣∈Σ𝐾

CardΦ𝐴,𝑣 = 𝑑.

By Proposition 2.3 of loc. cit. there is a finite extension 𝐿/𝐾 of degree 𝑑 such that for all places
of 𝑣 ∈ 𝑆 there is a unique place 𝑤 ∈ Σ𝐿 above 𝑣 with a 𝐾𝑣-isomorphism of fields 𝐿𝑤 ≃ 𝐾 ′

𝑣,𝐴. By
definition 𝐴𝐿 has good reduction outside of the set 𝑆′ ⊂ Σ𝐿 of places above 𝑆 and, for 𝑤 ∈ 𝑆′,
we have by construction

Φ𝐴𝐿,𝑤 = {1}
so that 𝐴𝐿 has semi-stable reduction. We thus have 𝑑(𝐴) ≤ 𝑑.

Let 𝐹/𝐾 be a finite extension such that 𝐴𝐹 has semi-stable reduction. For a place 𝑤 ∈ Σ𝐹 above
𝑣 ∈ 𝑆 we must then have 𝐹 un

𝑤 ⊃ 𝐾𝑣,𝐴 so that 𝐹 un
𝑤 /𝐾un

𝑣 is an extension of degree divisible by
CardΦ𝐴,𝑣. It follows that CardΦ𝐴,𝑣 divides [𝐹 : 𝐾] and thus 𝑑(𝐴) ≥ 𝑑. □
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We can now define the degree of semi-stability for semi-abelian varieties with given toric and
abelian rank.

Definition 2.16. Let 𝑔, 𝑡 and 𝑎 be positive integers with 𝑔 = 𝑡+ 𝑎. We define

𝑑𝑔(𝑡, 𝑎) = max{𝑑(𝐴) | 𝐴 semi-abelian with toric rank 𝑡 and abelian rank 𝑎}.
Let us quickly note that 𝑑𝑔(𝑡, 𝑎) is well-defined and give a bound on its value which we will show
to be optimal.

Lemma 2.17. Let 𝐴 be a semi-abelian variety over a number field 𝐾 with toric rank 𝑡 and
abelian rank 𝑎. Then we have

𝑑(𝐴) ≤ 𝑑𝑡(𝑡, 0) · 𝑑𝑎(0, 𝑎).
In particular for 𝑔 = 𝑡+ 𝑎 we have

𝑑𝑔(𝑡, 𝑎) ≤ 𝑑𝑡(𝑡, 0) · 𝑑𝑎(0, 𝑎).
Proof. Let 𝑇 be a the maximal subtorus of 𝐴 and 𝐵 the abelian quotient 𝑇/𝐴. Let 𝐿1 and 𝐿2 be
the extensions of 𝐾 of degree 𝑑(𝑇 ) and 𝑑(𝐴) respectively such that 𝑇𝐿1 and 𝐵𝐿2 have semi-stable
reduction. By Theorem 2.5, the semi-abelian variety 𝐴𝐿1𝐿2 has semi-stable reduction and thus

𝑑(𝐴) ≤ 𝑑(𝑇 ) · 𝑑(𝐵) ≤ 𝑑𝑡(𝑡, 0) · 𝑑𝑎(0, 𝑎)
by definition. □

In order to compute the value of 𝑑𝑔(𝑡, 𝑎) we first have to deal with the analogous computation for
tori, in essence that is to compute the value 𝑑𝑔(𝑔, 0). We will do this by using the Galois twisting
construction.

2.3.2. By definition, a torus 𝑇 of dimension 𝑡 over a field 𝐾 is a 𝐾-twist of G𝑡
𝑚. It is equivalently

given by a map 𝜌𝑇 : 𝐺𝐾 → AutG𝑡
𝑚 = GL𝑡(Z) which corresponds to the action of 𝐺𝐾 on the

character lattice 𝑋(𝑇 ) of 𝑇 . Following Theorem 4.3 of [SZ05] and its generalization to number
fields in [Phi22b], we can compute the effect of twisting on the places of good reduction of a torus.
We deal with the general case of a semi-abelian variety.

Proposition 2.18. Let 𝐴 be a semi-abelian variety over a number field 𝐾 and 𝑣 ∈ Σ𝐾 a place.
Let 𝐿/𝐾 be a finite Galois extension and

𝜄 : Gal(𝐿/𝐾) −→ Aut𝐾 𝐴

be an injective homomorphism. If 𝐴 has semi-stable reduction at 𝑣 then the twist 𝐴′ of 𝐴
corresponding to 𝜄 is such that

Φ𝐴′,𝑣 = 𝐼𝑣(𝐿/𝐾).

In particular, for a torus 𝑇 given by a map

𝜌𝑇 : 𝐺𝐾 −→ GL𝑡(Z),

we have Φ𝑇,𝑣 = 𝐼𝑣(𝐾
Ker 𝜌𝑇 /𝐾) ⊂ 𝐺𝐾/Ker 𝜌𝑇 .

Proof. Let 𝜙 : 𝐴𝐿 → 𝐴′
𝐿 be the isomorphism such that 𝜎(𝜙)−1 ∘𝜙 = 𝜄(𝜎) for every 𝜎 ∈ Gal(𝐿/𝐾).

For clarity we denote by 𝜄 again the map 𝐺𝐾 → Gal(𝐿/𝐾) → Aut𝐾 𝑇 . For 𝜎 ∈ 𝐼𝑣 and
ℓ ̸= char 𝑘(𝑣) we have

𝜌𝐴′,ℓ(𝜎) = 𝜎(𝜙)−1 ∘ 𝜌𝐴,ℓ(𝜎) ∘ 𝜙
= 𝜄(𝜎) ∘ 𝜙−1𝜌𝐴,ℓ(𝜎) ∘ 𝜙.
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Now, as we have
𝐼𝑣,𝐴′ = {𝜎 ∈ 𝐼𝑣 | 𝜌𝐴′,ℓ(𝜎) is unipotent}

we see that 𝜌𝐴′,ℓ(𝜎) is unipotent if and only if 𝜄(𝜎) is trivial since it has finite order.

It follows that
Φ𝐴′,𝑣 = 𝐼𝑣/𝐼𝐴′,𝑣 = 𝐼𝑣/Ker 𝜄|𝐼𝑣 = 𝐼𝑣(𝐿/𝐾).

□

In order to use the previous result to build tori with maximal degree of stability we need to
consider the maximal subgroups of GL𝑡(Z) for 𝑡 ≥ 1. The list of these groups was given by Feit in
[Fei96] whose proof relied on unfinished work of Weisfeiler. In [Rém20] Rémond gives a complete
proof of the order of the maximal order finite subgroups of GL𝑡(𝐾) for certain cyclotomic fields
and Q in particular.

Recall that 𝛽 : N → N is defined by 𝛽(2) = 3/2, 𝛽(4) = 3, 𝛽(6) = 9/4, 𝛽(8) = 135/2, 𝛽(9) = 15/2,
𝛽(10) = 9/4 and 𝛽(𝑛) = 1 for all other values of 𝑛 ∈ N.

Lemma 2.19. Let 𝑇 be a torus of dimension 𝑡 over a number field 𝐾. Then we have

𝑑(𝑇 ) ≤ 𝛽(𝑡)2𝑡𝑡!.

Proof. By Theorem 2.15 and by Proposition 2.18 we have

𝑑(𝑇 ) = lcm
𝑣∈Σ𝐾

CardΦ𝐴,𝑣 | Card(𝐺𝐾/Ker 𝜌𝑇 ).

But since 𝐺𝐾/Ker 𝜌𝑇 is a finite subgroup of GL𝑡(Z) the bound follows by Théorème 7.1 of
[Rém20]. □

In order to use Proposition 2.18 to build a torus 𝑇 of dimension 𝑡 with 𝑑(𝑇 ) = 𝛽(𝑡)2𝑡𝑡! we need to
solve the Grunwald problem for the list of groups given by Feit. The list is given in Table 1. Note
that it is claimed that for each dimension the isomorphism class of maximal order finite subgroups
is unique. Let 𝑡 ≥ 1 and let us denote by 𝐺𝑡 a maximal order subgroup of GL𝑡(Z). Then we have
𝐺𝑡 ≃ Z/2Z ≀S𝑡 for all values of 𝑡 such that 𝛽(𝑡) = 1. For the exceptional cases the group 𝐺𝑡 are
described by means of Weyl groups acting on Dynkin diagrams – see [Bou02] for more on this
subject. The only fact we will use is that these groups are generated by pseudo-reflections as
matrix groups.

Theorem 2.20. Let 𝑡 ≥ 1 be an integer. Let 𝐺 ⊂ GL𝑡(Z) be a maximal order subgroup. Then 𝐺
admits a generic Galois extension.

Proof. For all value of 𝑡 such that 𝛽(𝑡) = 1 we have that such a maximal group is isomorphic
to the wreath product Z/2Z ≀S𝑡 given by permutation matrices with coefficients in {±1}. By
Proposition 3.8 of [Phi22b] the result follow for these cases. The remaining exceptional cases
follow from Theorem 5.1 of [Sal82], with the added use of Proposition 5.1.6 of [JLY02] for 𝑡 = 6,
9 and 10, by the Shephard-Todd theorem, for instance given in [Bou02] section V.5. □

We can thus state the Grunwald type result we want.

Proposition 2.21. Let 𝐺 be a maximal order subgroup of GL𝑡(Z) and 𝑘 a number field. Then
for a finite set 𝑆 ⊂ Σ𝑘 of places given with a set {𝑀𝑣/𝑘

un
𝑣 }𝑣∈𝑆 of finite local extensions of the

maximal unramified extensions at those places there is a finite extension 𝐾/𝑘 and a finite Galois
extension 𝐿/𝐾 of group 𝐺 such that the following statement holds.
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Parameter 𝑡 Group 𝐺𝑡

2 𝐺2 ≃ 𝑊 (𝐺2) ≃ 𝐷6

4 𝐺4 ≃ 𝑊 (𝐹4)

6 𝐺6 ≃ 𝑊 (𝐸6)× Z/2Z

7 𝐺7 ≃ 𝑊 (𝐸7)

8 𝐺8 ≃ 𝑊 (𝐸8)

9 𝐺9 ≃ 𝑊 (𝐸8)× Z/2Z

10 𝐺10 ≃ 𝑊 (𝐸8)×𝑊 (𝐺2) ≃ 𝑊 (𝐸8)×𝐷6

Table 1. List of the isomorphism classes of the groups 𝐺𝑡 for corresponding
values of 𝑡.

(𝑖) For every place 𝑣 ∈ 𝑆 there is a unique place of 𝐾 above 𝑣 and it is unramified.
(𝑖𝑖) For a place 𝑤 ∈ Σ𝐿 of 𝐿 above a place 𝑣 ∈ 𝑆 of residue characteristic 𝑝, the inertia group

𝐼𝑤(𝐿/𝐾) is a 𝑝-Sylow of 𝐺 and the local extension 𝐿un
𝑤 /𝑘un𝑣 is linearly disjoint to 𝑀𝑣.

The proof is essentially the same as the proof of Proposition 3.8 of [Phi22b] and is omitted.
The added restriction of avoiding a fixed set of local extensions is harmless by the fact that the
maximal pro-𝑝-extension of 𝑘un𝑣 has a free pro-𝑝 Galois group of countable rank – see for example
Lemma 3.5 of loc. cit..
We can finally compute the value of 𝑑𝑔(𝑡, 𝑎) for all integers 𝑔 ≥ 1, 𝑡, and 𝑎 such that 𝑔 = 𝑡+ 𝑎.

Theorem 2.22. For all integers 𝑔 ≥ 1, 𝑡 ≥ 0, and 𝑎 ≥ 0 such that 𝑔 = 𝑡+ 𝑎 we have

𝑑𝑔(𝑡, 𝑎) = 𝛽(𝑡)2𝑡𝑡! ·𝑀(2𝑎).

Proof. Let 𝑔 ≥ 1, 𝑡 ≥ 0 and 𝑎 ≥ 0 be integers such that 𝑔 = 𝑡+ 𝑎. Let 𝐴 be an abelian variety
of dimension 𝑎 over a number field 𝑘 such that 𝑑(𝐵) = 𝑀(2𝑎), which exists by Theorem 1.2 of
[Phi24]. If 𝑡 = 0, then 𝐵 suits our needs.

Otherwise, 𝑡 ≥ 1 and let 𝐺 be a maximal order subgroup of GL𝑡(Z). Let 𝑆 be the set of places of
𝑘 containing all the places above the prime divisors of Card𝐺 and of 𝑀(2𝑎). Let {𝑀𝑣/𝑘

un
𝑣 }𝑣∈𝑆

be the set of local extensions {𝑘𝐵,𝑣/𝑘
un
𝑣 }𝑣∈𝑆 as defined by Definition 2.7. Let 𝐿/𝐾 be extensions

of 𝑘 with the properties (𝑖) and (𝑖𝑖) of Proposition 2.21 with regards to the set 𝑆 and the local
extensions {𝑀𝑣}𝑣∈𝑆 .

Now the torus 𝑇 over 𝐾 defined as the 𝐿/𝐾-twist of G𝑡
𝑚 by the injective homomorphism

𝜄 : Gal(𝐿/𝐾) →˓ GL𝑡(Z)

is such that for a place 𝑣 of 𝐾 above 𝑝 ∈ 𝑆 the group Φ𝑇,𝑣 is isomorphic to a 𝑝-Sylow of 𝐺. It
follows that

𝑑(𝑇 ) = lcm
𝑣∈Σ𝐾

CardΦ𝑇,𝑣 = Card𝐺 = 𝛽(𝑡)2𝑡𝑡!.

Consider the semi-abelian variety 𝐴 = 𝑇 ×𝐵 over 𝐾. The base-change 𝐴𝐹 for a finite extension
𝐹/𝐾 has semi-stable reduction at a place 𝑤 ∈ Σ𝐹 if and only if 𝐵𝐹 and 𝑇𝐹 have semi-stable
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reduction at that place. Let us fix 𝑣 ∈ 𝑆. Since by construction the extensions 𝑘𝐵,𝑣 and 𝑘𝑇,𝑣 are
linearly disjoint for all places 𝑣 ∈ 𝑆 it follows that 𝑘𝐴,𝑣, the compositum 𝑘𝐵,𝑣𝑘𝑇,𝑣, is of degree

CardΦ𝐴,𝑣 = CardΦ𝑇,𝑣 · CardΦ𝐵,𝑣

over 𝑘un𝑣 . Hence we get

𝑑(𝐴) = lcm
𝑣∈Σ𝐾

CardΦ𝐴,𝑣 = 𝑑(𝑇 ) · 𝑑(𝐵) = 𝛽(𝑡)2𝑡𝑡! ·𝑀(2𝑎).

In order to conclude for the value of 𝑑𝑔(𝑡, 𝑎) remark that by the bound of Lemma 2.17 we have a
double inequality

𝑑(𝐴) ≤ 𝑑𝑔(𝑡, 𝑎) ≤ 𝑑𝑡(𝑡, 0) ·𝑀(2𝑎).

Since 𝑑𝑡(𝑡, 0) ≤ 𝛽(𝑡)2𝑡𝑡! by Lemma 2.19, both inequalities are equalities. □

Remark 2.23. In contrast to the case of abelian varieties if we replace 𝑑𝑔(𝑡, 𝑎) by using the
lowest common multiple instead of a maximum

𝑑′𝑔(𝑡, 𝑎) = lcm{𝑑(𝐴) | 𝐴 semi-abelian with toric rank 𝑡 and abelian rank 𝑎}.
we get a different result. To be precise, we have

𝑑′𝑔(𝑡, 𝑎) = 𝑀(𝑡) ·𝑀(2𝑎)

where 𝛽(𝑡)2𝑡𝑡! | 𝑀(𝑡). This follows easily by adapting the Galois twisting construction used in
this section to construct tori with the 𝑝-Sylow subgroups of the groups used by Minkowski to
compute 𝑀(𝑡) as finite monodromy groups.

The value 𝑑′𝑔(𝑡, 𝑎) has also another meaning. Let 𝒜(𝑡, 𝑎) be the set of isomorphism classes [𝐴] of
abelian varieties of dimension 𝑔 over number fields such that if 𝑣 is a place of bad reduction then
the semi-stable toric rank of 𝐴 at 𝑣 is at least 𝑡. Then we have

𝑑′𝑔(𝑡, 𝑎) = max{𝑑(𝐴) | [𝐴] ∈ 𝒜(𝑡, 𝑎)}.

3. Finite monodromy groups in degenerating families

In this section, we show that for a degenerating abelian scheme over a 𝑝-adic field, that is
a group scheme 𝐴/𝑆 with generic fiber an abelian variety, the finite monodromy groups are
upper-semi-continuous for the 𝑝-adic topology. More precisely, the finite monodromy group of the
fiber at a closed point where 𝐴 degenerates are quotients of the finite monodromy groups of the
points in a small enough neighborhood. The main technical result to deduce this is a variant of
Krasner’s lemma.

3.1. Krasner’s lemma for quasi-finite and flat covers

3.1.1. Let 𝐾 be a complete field with discrete valuation of rank 1. We start by reviewing some
classical properties of morphisms for induced map on 𝐾-points.

Lemma 3.1. Let 𝑓 : 𝑋 → 𝑌 be a finite map of 𝐾-schemes. Then the induced map on of topological
spaces 𝑓(𝐾) : 𝑋(𝐾) → 𝑌 (𝐾) is closed.

Lemma 3.2. Let 𝑓 : 𝑋 → 𝑌 be an étale map of 𝐾-schemes. Then the induced map of topological
spaces 𝑓(𝐾) : 𝑋(𝐾) → 𝑌 (𝐾) is open.

See [Poo17] Proposition 3.5.73 for a proof.

We need one last lemma, which is about the smooth locus of rational points.
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Lemma 3.3. Let 𝑌 be a reduced 𝐾-scheme of finite type. Let 𝑉 ⊂ 𝑌 be a Zariski open and dense
subscheme. Then we have that the 𝐾-rational points in the closure of the smooth locus of 𝑌 are
in the closure of 𝑉 (𝐾) in 𝑌 (𝐾), that is

𝑌 sm(𝐾) ⊂ 𝑉 (𝐾).

Proof. Let us write 𝑌 =
⋃︀𝑟

𝑖=1 𝑌𝑖 a decomposition of 𝑌 in irreducible subschemes. For 𝑦 ∈ 𝑌 sm(𝐾)
we have 𝑦 ∈ 𝑌 sm(𝐾) ∩ 𝑌𝑖(𝐾) for some 𝑖 ∈ {1, . . . , 𝑟}. So that be replacing 𝑌 by 𝑌𝑖 ∖

⋃︀
𝑖 ̸=𝑗 𝑌𝑗 we

can assume 𝑌 to be irreducible.

As 𝑉 is Zariski dense, the intersection 𝑈 = 𝑌 sm∩𝑉 is a non empty open which contains 𝑦. We now
show the inclusion 𝑌 sm(𝐾) ⊂ 𝑈(𝐾). For this, let us assume by contradiction that the analytic
open 𝐷 = 𝑌 sm(𝐾) ∖ 𝑈(𝐾) is non-empty. For 𝑥 ∈ 𝐷, take an affine neighborhood 𝑋 of 𝑥 in 𝑌 sm

and denote by 𝐷𝑋 the intersection 𝐷 ∩𝑋. By smoothness of 𝑋, there is an étale map 𝑋 → A𝑑
𝐾

for some integer 𝑑 ≥ 0 such that the induced map 𝑋(𝐾) → 𝐾𝑑 sends 𝐷𝑋 isomorphically to 𝐷0,
an analytic neighborhood of 0. The Zariski closure of 𝐷0 is the whole space A𝑑

𝐾 as Zariski closed
subschemes are of closed interior for the analytic topology. So, the induced map between Zariski
closures 𝐷Zar

𝑋 → A𝑑
𝐾 is dominant. It follows that 𝐷Zar

𝑋 = 𝑋 and thus that the Zariski closure
𝐷Zar of 𝐷 is 𝑌 sm. But, by definition we have

𝐷 ⊂ 𝑌 sm ∖ 𝑈(𝐾) ⊂ 𝑌 sm(𝐾) ∖ 𝑈(𝐾) = (𝑌 sm ∖ 𝑈)(𝐾)

so we must also have 𝐷Zar ⊂ 𝑌 sm ∖ 𝑈 which is a contradiction.

Finally, note that 𝑉 (𝐾) ⊃ 𝑈(𝐾) so we are done. □

Let us introduce some notation. Let 𝑓 : 𝑋 → 𝑌 be a quasi-finite morphisms of 𝐾-schemes of
finite type. For a rational point 𝑦 ∈ 𝑌 (𝐾), let us denote by 𝐾(𝑋𝑦) the Galois closure of the field
extension 𝐿/𝐾 generated by all points in the fiber of 𝑓 over 𝑦. Formally, one has

𝐾(𝑋𝑦) = ⟨𝐿/𝐾 | ∃𝑥 ∈ 𝑋, 𝑓(𝑥) = 𝑦 and 𝐿 = 𝜅(𝑥) ⊂ 𝐾⟩.

We consider two types of subsets of the rational points of 𝑌 . First, for 𝐿/𝐾 a finite Galois
extension let us write

𝑌𝐿 = {𝑦 ∈ 𝑉 (𝐾) | 𝐾(𝑋𝑦) = 𝐿}

and, secondly, for 𝐺 a finite group we set

𝑌𝐺 = {𝑦 ∈ 𝑌 (𝐾) | Gal(𝐾(𝑋𝑦)/𝐾) ≃ 𝐺}.

Let us make a simple remark concerning these subsets. We have the decompositions

𝑌 (𝐾) =
⨆︁
𝐺

𝑌𝐺 =
⨆︁
𝐿

𝑌𝐿

and

𝑉𝐺 =
⨆︁

Gal(𝐿/𝐾)≃𝐺

𝑉𝐿.
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3.1.2. We can now state our geometric version of Krasner’s lemma for schemes. The statement is
a generalization of Theorem 3.4 of [Phi22a].

Theorem 3.4. Let 𝑓 : 𝑆′ → 𝑆 be a quasi-finite map of 𝐾-schemes of finite type. Let 𝐹 ⊂ 𝑆 be
the closed subset such that 𝑆′ ∖ 𝑓−1(𝐹 ) is finite étale over 𝑉 = 𝑆 ∖ 𝐹 . Then, the following hold.

(𝑖) For all 𝑦 ∈ 𝑉𝐿 ⊂ 𝑌 (𝐾) we have 𝐾(𝑋𝑦) ⊂ 𝐿.

If 𝐾 is local, we further have that for all 𝑦 ∈ 𝑉𝐺 ⊂ 𝑌 (𝐾), there is a surjective morphism
𝐺 → Gal(𝐾(𝑋𝑦)/𝐾).

(𝑖𝑖) There is an integer 𝑛 ≥ 1 and finite groups 𝐻1, . . . 𝐻𝑛 such that 𝑉 (𝐾) = ⊔𝑛
𝑖=1𝑉𝐻𝑖.

Furthermore, the sets 𝑉𝐻1 , . . . , 𝑉𝐻𝑛 are open and closed in 𝑉 (𝐾).
If 𝐾 is local, then there is an integer 𝑚 ≥ 1 and finite extensions 𝐿1, . . . , 𝐿𝑚 of 𝐾 such

that 𝑉 (𝐾) = ⊔𝑚
𝑖=1𝑉𝐿𝑖 . Furthermore, the sets 𝑉𝐿1 , . . . , 𝑉𝐿𝑛 are open and closed in 𝑉 (𝐾).

(𝑖𝑖𝑖) Let 𝑦 ∈ 𝑌 sm(𝐾). Then, there is a finite group 𝐺 such that 𝑦 ∈ 𝑉𝐺.
If 𝐾 is local, then there is a finite extension 𝐿/𝐾 such that 𝑦 ∈ 𝑉𝐿.

Proof. By Zariski Main Theorem - see [EGAIV.3] Théorème 8.12.6 - there is a scheme 𝑋 ′, an
open immersion 𝑋 ⊂ 𝑋 ′ and a finite map 𝑓 ′ : 𝑋 ′ → 𝑌 such that the triangle

𝑋 𝑋 ′

𝑌

𝑓
𝑓 ′

commutes. Now, we have
𝑉𝐿 ⊂ 𝑓(𝐿)(𝑋(𝐿)) ∩ 𝑌 (𝐾)

by definition and the inclusion

𝑓(𝐿)(𝑋(𝐿)) ∩ 𝑌 (𝐾) ⊂ 𝑓 ′(𝐿)(𝑋 ′(𝐿)) ∩ 𝑌 (𝐾)

by construction. By Lemma 3.1, the set 𝑓 ′(𝐿)(𝑋 ′(𝐿)) is closed in 𝑌 (𝐿) and as the topology on
𝑌 (𝐾) is induced by the inclusion 𝑌 (𝐾) ⊂ 𝑌 (𝐿) it follows that the intersection is closed in 𝑌 (𝐾).
In particular, for 𝑦 ∈ 𝑌 (𝐾) in the closure of 𝑉𝐿, we have 𝐾(𝑋𝑦) ⊂ 𝐿.
If 𝐾 is local, we further have that there is only finitely many Galois extensions 𝐿/𝐾 with given
finite group 𝐺 so that

𝑉𝐺 =
⨆︁

Gal(𝐿/𝐾)≃𝐺

𝑉𝐿.

For 𝑦 ∈ 𝑉𝐺, we thus have a Galois extension 𝐿/𝐾 of group 𝐺 such that 𝐾(𝑋𝑦) ⊂ 𝐿, which in
turn gives a surjective map 𝐺 → Gal(𝐾(𝑋𝑦)/𝐾).

Part (𝑖𝑖) follows directly from Theorem 3.4 of [Phi22a].

For the last part of the statement, first note we can assume 𝑓 to be generically étale by passing
to reduced subschemes so that 𝑉 ⊂ 𝑌 is dense and open. The result now follows from Lemma 3.3
applied with 𝑉 and the finite decomposition of 𝑉 (𝐾) in open and closed subsets coming from
(𝑖𝑖). □

For inertia groups of local fields we get the following corollary.
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Corollary 3.5. Assume 𝐾 is local and let 𝑓 : 𝑋 → 𝑌 be a quasi-finite morphism of 𝐾-schemes
of finite type. Let 𝐹 ⊂ 𝑆 be the closed subset such that 𝑆′ ∖ 𝑓−1(𝐹 ) is finite étale over 𝑉 = 𝑆 ∖ 𝐹 .
Then, there is an integer 𝑛 ≥ 1, finite groups 𝐻1, . . . ,𝐻𝑛 and open and closed subsets 𝑉 un

𝐻1
, . . . 𝑉 un

𝐻𝑛

of 𝑉 (𝐾) such that 𝑉 (𝐾) = ⊔𝑛
𝑖=1𝑉

un
𝐻𝑖

, and for all 1 ≤ 𝑖 ≤ 𝑛,

𝑦 ∈ 𝑉𝐻𝑖 ⇐⇒ 𝐼(𝐾(𝑋𝑦)/𝐾) ≃ 𝐻𝑖.

For 1 ≤ 𝑖 ≤ 𝑛 and all 𝑦 ∈ 𝑉 un
𝐻𝑖

⊂ 𝑌 (𝐾) we have a surjective map 𝐻𝑖 → 𝐼(𝐾(𝑋𝑦)/𝐾).

Furthermore, for 𝑦 ∈ 𝑌 sm(𝐾) there is an 𝑖 ∈ {1, . . . , 𝑛} such that 𝑦 ∈ 𝑉 un
𝐻𝑖

.

Proof. By (𝑖𝑖) of Theorem 3.4, there are finite groups 𝐻1, . . . 𝐻𝑛 such that 𝑉 (𝐾un) is covered by
the open and closed subsets 𝑉𝐻1 , . . . 𝑉𝐻𝑛 . As the inclusion 𝜄 : 𝑉 (𝐾) → 𝑉 (𝐾un) is continuous, the
sets 𝜄−1(𝑉𝐻1), . . . 𝜄

−1(𝑉𝐻𝑛) are open and closed in 𝑉 (𝐾) and we have

𝑉 (𝐾) =

𝑛⨆︁
𝑖=1

𝜄−1(𝑉𝐻𝑖).

By construction, these subsets have the property that, for 1 ≤ 𝑖 ≤ 𝑛,

𝑦 ∈ 𝜄−1(𝑉𝐻𝑖) ⇐⇒ 𝐼(𝐾(𝑋𝑦)/𝐾) ≃ 𝐻𝑖.

Let us fix 𝑖 ∈ {1, . . . , 𝑛} and consider 𝑦 ∈ 𝜄−1(𝑉𝐻𝑖). First, note that we have a decomposition

𝜄−1(𝑉𝐻𝑖) =
⨆︁

𝐼(𝐿/𝐾)≃𝐻𝑖

𝑉𝐿.

Since 𝐾 is local, this is a finite union and thus we have 𝑦 ∈ 𝑉𝐿 for some finite Galois extension
𝐿/𝐾 with inertia group isomorphic to 𝐻𝑖. It follows from part (𝑖) of Theorem 3.4 that there is an
inclusion 𝐾(𝑋𝑦) ⊂ 𝐿 and thus a surjective map Gal(𝐿/𝐾) → Gal(𝐾(𝑋𝑦)/𝐾) and, in particular,
a surjection 𝐻𝑖 ≃ 𝐼(𝐿/𝐾) → 𝐼(𝐾(𝑋𝑦)/𝐾).

For the last part of the statement, let 𝑦 ∈ 𝑌 sm(𝐾). As 𝐾 is local, by (𝑖𝑖𝑖) of Theorem 3.4, there
is a finite extension 𝐿/𝐾 such that 𝑦 ∈ 𝑉𝐿. For 𝑖 ∈ {1, . . . , 𝑛} such that 𝑉𝐿 ⊂ 𝜄−1(𝑉𝐻𝑖) we get
𝑦 ∈ 𝜄−1(𝑉𝐻𝑖) as desired. □

3.2. Degenerating families of abelian varieties

3.2.1. Let us first show how finite monodromy groups in the fibers of semi-abelian schemes can
be recovered from the ℓ-torsion cover of the base for ℓ big enough. This generalizes Proposition 2.2
of [Phi22a].

Lemma 3.6. Let 𝐴 → 𝑆 be a semi-abelian scheme over 𝐾. Let ℓ > max(2 dim𝐴, 𝑝) be a prime.
Then, for every 𝑠 ∈ 𝑆(𝐾), we have that either CardGal(𝐾un(𝐺𝑠[ℓ])/𝐾

un) is divisible by ℓ in
which case

Φ𝐺𝑠 ≃ Gal(𝐾un(𝐺𝑠[ℓ])/𝐾
un)/Z/ℓZ

or Φ𝐺𝑠 ≃ Gal(𝐾un(𝐺𝑠[ℓ])/𝐾
un).

Proof. We consider the Galois extension 𝐾un(𝐴𝑠[ℓ])/𝐾
un and denote by 𝐺 its Galois group. By a

result of Raynaud the field 𝐾un
𝐴𝑠

is a subfield of 𝐾un(𝐴𝑠[ℓ]) which is determined by a subgroup
𝐺𝐴 of 𝐺 and we have Φ𝐴 ≃ 𝐺/𝐺𝐴.
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As a Galois module 𝐴𝑠[ℓ] is an extension of 𝑇𝑠[ℓ] and 𝐵𝑠[ℓ]. Since 𝑇𝑠 has split good reduction
over 𝐾un

𝐴𝑠
. It follows that 𝐺𝐴 acts trivially on 𝑇𝑠[ℓ]. On the other hand, 𝐺𝐴 acts unipotently with

order at most 2 on 𝐵𝑠[ℓ] so that it acts unipotently with order at most 3 on 𝐺𝑠[ℓ]. Hence the
exponent of 𝐺𝐴 divides ℓ, and since it is tamely ramified 𝐺𝐴 is either the trivial group or Z/ℓZ.

By the choice of ℓ, we also have that it is prime to the order of Φ𝐴𝑠 so that the conclusion
follows. □

3.2.2. We will now apply our Krasner’s lemma to obtain the main result of this section.

Theorem 3.7. Let 𝑆 be an irreducible 𝐾-scheme of finite type and 𝐺 → 𝑆 be a semi-abelian
scheme with generic fiber an abelian variety. Let 𝐹 ⊂ 𝑆 be the closed subscheme such that
𝐺×𝑆 𝑆 ∖ 𝐹 → 𝑆 ∖ 𝐹 is abelian. Then there is an integer 𝑛 ≥ 1, finite groups 𝐻1, . . . ,𝐻𝑛 and a
finite covering 𝑈1, . . . 𝑈𝑛 of (𝑆 ∖ 𝐹 )(𝐾) by non-empty disjoint opens such that, for 1 ≤ 𝑖 ≤ 𝑛,

𝑠 ∈ 𝑈𝑖 ⇐⇒ Φ𝐺𝑠 ≃ 𝐻𝑖,

and, if a 𝐾-rational point 𝑥 ∈ 𝐹 is in the closure 𝑈𝑖 of 𝑈𝑖 for some 𝑖 ∈ {1, . . . , 𝑛} then we have
that Φ𝐺𝑥 is a quotient of 𝐻𝑖.

Furthermore, if 𝑥 ∈ 𝐹 (𝐾) is in the closure of the smooth locus 𝑆sm(𝐾) then there is a 𝑖 ∈ {1, . . . , 𝑛}
such that 𝑥 ∈ 𝑈𝑖.

Proof. Let ℓ > max(2 dim𝐺, 𝑝) be a prime. The open sets given by Corollary 3.5 applied with
the ℓ-torsion scheme 𝐺[ℓ] → 𝑆 are seen to have the required properties by Lemma 3.6. □

4. An application to the stability degree of curves

4.1. Stability degree of stable curves

4.1.1. Let us succinctly define the stability degree of stable curves. First, let us state the structure
theorem for their Jacobians, which is Example 8 of [BLR90].

Proposition 4.1. Let 𝐶 be a stable curve of genus 𝑔. Let ̃︀𝐶 be the normalization of 𝐶 with
irreducible components 𝐶𝑖 Then the Jacobian 𝐽(𝐶) of 𝐶 is a semi-abelian variety of dimension 𝑔
and there is an exact sequence

0 𝑇 𝐽(𝐶)
𝑟∏︀

𝑖=1
𝐽(𝐶𝑖).

The definition of stable reduction for a smooth curve is given by Definition 2.2 of [DM72]. They
further show that a curve 𝐶 has stable reduction if and only if its Jacobian 𝐽(𝐶) has semi-stable
reduction with Theorem 2.4. We can thus further extend this definition to all stable curves.

Definition 4.2. A stable curve 𝐶 over a number field 𝐾 is said to have stable reduction if its
Jacobian 𝐽(𝐶) has semi-stable reduction as a semi-abelian variety over 𝐾.

Remark 4.3. Although Definition 4.2 is artificial as it is, it is expected to be equivalent to the
more natural extension of the notion of stable reduction to stable curves, that is, the existence of
a stable model as in Deligne-Mumford. As it is not our purpose we avoid this issue here. The
same issue holds with the stable degree defined next.

From stable reduction we can define the stable degree of a curve.
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Definition 4.4. Let 𝐶 be a stable curve. The stable degree 𝑑(𝐶) of 𝐶 is the semi-stable degree
𝑑(𝐽(𝐶)) of its Jacobian.

4.2. Stable curves with maximal automorphism groups

4.2.1. Let us first provide a construction of stable curves in characteristic 2 with order of
automorphisms group of maximal 2-adic valuation. The existence of such curves gives evidence
to the expected equality 𝑑𝐶𝑔 = 𝑀(2𝑔). We first show that the cardinality of the automorphism
groups of such curves of genus 𝑔 have their 2-adic valuation bounded by 𝑣2(𝑀(2𝑔)) for 𝑔 ≥ 0.

Lemma 4.5. Let 𝐶 be a stable curve of genus 𝑔 ≥ 0 over a finite field of characteristic 2. Then
we have

𝑣2(Card(Aut𝐶)) ≤ 𝑣2(𝑀(2𝑔)).

Furthermore, if the equality holds then the dual graph of 𝐶 is a tree and all irreducible components
have genus 1 with automorphism group of order divisible by 8.

Proof. Let Γ𝐶 be the dual graph of 𝐶 and 𝐶𝑖 the normalization of its irreducible components.
The automorphism group of 𝐶 sits in an exact sequence

1
∏︀𝑟

𝑖=1Aut𝐶𝑖 Aut𝐶 AutΓ𝐶 .

In particular, we have the bound

𝑣2(Card(Aut𝐶)) ≤
𝑟∑︁

𝑖=1

𝑣2(Card(Aut𝐶𝑖)) + 𝑣2(Card(Aut Γ𝐶)).

Let 𝑔𝑖 be the genus of 𝐶𝑖. In [Sti73], it is proven that 𝑣2(Card(Aut𝐶𝑖)) ≤ 𝑣2(8𝑔
2
𝑖 ) so that we

have 𝑣2(Card(Aut𝐶𝑖)) ≤ 3𝑔𝑖 with equality only if 𝑔𝑖 = 1.

Let 𝑏 be the first Betty number of Γ𝐶 . We have 𝑔 =
∑︀𝑟

𝑖=1 𝑔𝑖 + 𝑏 so that

𝑣2(Card(Aut𝐶)) ≤
𝑟∑︁

𝑖=1

3𝑔𝑖 + 𝑣2(Card(Aut Γ𝐶)) ≤ 3(𝑔 − 𝑏) + 𝑣2(Card(Aut Γ𝐶)).

We will now bound the order of Γ𝐶 depending on its first Betti number. First, by the main result
of [NS24], if 𝑏 ≥ 3 we have Card(Aut Γ𝐶) ≤ 2𝑏𝑏! and Card(Aut Γ𝐶) ≤ 12 if 𝑏 = 2. For 𝑏 = 1, the
graph Γ𝐶 has a central one cycle with trees attached. Consider a vertex of this central cycle. If it
corresponds to a rational curve the stability condition ensures that it has to have a tree attached
to it which the stability condition imposes the leaves to have genus at least 1. The central cycle
thus forms a polygon on 𝑘 vertices with 𝑘 ≤ 𝑔 and the automorphisms of the graph injects into
the automorphisms of this polygon. In particular, we get Card(Aut Γ𝐶) ≤ 𝑔!. For 𝑏 = 0 the graph
is a tree so that a similar argument leads to Card(Aut Γ𝐶) ≤ 𝑔! as the an automorphism permutes
the leaves and there should be at most 𝑔 of those.

Taking the 2-adic valuation, in all cases we get

𝑣2(Card(Aut Γ𝐶)) ≤ 𝑏+ 𝑣2(𝑔!).

Together with the first bound we obtained this leads to

𝑣2(Card(Aut𝐶)) ≤ 3𝑔 − 3𝑏+ 𝑏+ 𝑣2(𝑔!) ≤ 3𝑔 + 𝑣2(𝑔!)− 2𝑏 = 𝑣2(𝑀(2𝑔))− 2𝑏.

We directly see that equality with 𝑀(2𝑔) can only hold if 𝑏 = 0 and furthermore when all leaves
have genus 1 with automorphism group of order divisible by 8. □
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P1

Fig. 1. Adding an irrelevant P1

Let 𝑛 ≥ 0, the 2-Sylow of S𝑛 admits a decomposition as a direct product of iterated wreath
product following the binary expansion of 𝑛 in the following way. Let us write 𝑛 =

∑︀𝑟
𝑖=1 2

𝑘𝑖

with 𝑘1 ≥ 𝑘2 ≥ · · · ≥ 𝑘𝑟 ≥ 0. Let 𝑊𝑘 be the group defined by induction with 𝑊0 = {1} and
𝑊𝑘+1 = 𝑊𝑘 ≀ Z/2Z for 𝑘 ≥ 1. Then it is classical, see [Kal48], that a 2-Sylow of 𝑆𝑛 is isomorphic
to the direct product

𝑃𝑛 = 𝑊𝑘1 ×𝑊𝑘2 × · · · ×𝑊𝑘𝑟 .

The 2-Sylow’s of the wreath product 𝑄8 ≀S𝑛 thus have a similar decomposition as 𝑄8 ≀ 𝑃𝑛.

Proposition 4.6. There is a stable curve 𝐶 of genus 𝑔 ≥ 0 over a finite field of characteristic 2
such that

𝑃𝑛 ⊂ Aut𝐶.

In particular, we have
𝑣2(Card(Aut𝐶)) = 𝑣2(𝑀(2𝑔)).

Proof. We provide an inductive way of constructing 𝐶 through the binary expansion of 𝑔.

For 𝑔 = 1, we take 𝐶 = 𝐶1 to be the elliptic curve 𝐸 with automorphism group 𝑄8 and for 𝑔 = 2
we glue two copies of this curve at their neutral point which gives 𝐶2. In order for the induction
step to be clear, we proceed up to 𝑔 = 4. For 𝑔 = 3, we modify 𝐶2 by replacing the glued point
by an irrelevant P1. The curve 𝐶 ′

2 obtained this way recovers 𝐶2 by collapsing this irrelevant P1.
This is represented in figure 1.
We then glue 𝐶1 to 𝐶 ′

2 at any free rational point of the irrelevant P1 to obtain 𝐶3.

For 𝐶4, we proceed in a similar fashion by gluing two copies of 𝐶 ′
2 at a given point of the irrelevant

P1. Here is a graphic representation of 𝐶4.

Before moving to the general induction step we explain how to deal with powers of 2. Let 𝑔 = 2𝑛.
For 𝑛 = 0, 1 and 2 we have already provided curves 𝐶1, 𝐶2 and 𝐶4. Note that the gluing of 𝐶4

was made along the two irrelevant P1’s of the copies of 𝐶 ′
2. We can thus consider 𝐶 ′

4 obtained by
replacing the glued point by yet another irrelevant P1. For 𝑛 ≥ 2, we can thus assume that we
have curves 𝐶2𝑛−1 and 𝐶 ′

2𝑛−1 , where 𝐶2𝑛−1 is obtained by collapsing an irrelevant P1 in 𝐶 ′
2𝑛−1

and its automorphism group is as desired. We thus glue two copies of 𝐶 ′
2𝑛−1 at their irrelevant

P1’s to construct 𝐶2𝑛 . We readily see that the curve has as automorphism group the wreath
product Aut𝐶2𝑛−1 ≀Z/2Z and that we can form 𝐶 ′

2𝑛 by replacing the glued point by an irrelevant
P1. This process is similar to the one represented in figures 1 and 2. Note that the curve we
construct has dual graph a complete binary tree with leaves being given by supersingular elliptic
curves.
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Fig. 2. The curve 𝐶4

Let 𝑔 ≥ 5 be given with binary expansion 𝑔 =
∑︀𝑟

𝑖=1 2
𝑘𝑖 with 𝑘1 ≥ 𝑘2 ≥ · · · ≥ 𝑘𝑟 ≥ 0. By the

previous step, we have a curve 𝐶 ′
2𝑘𝑖

for each 𝑖 ∈ {1, . . . , 𝑟} if 𝑘𝑟 ≥ 1 and the curve 𝐶1 if 𝑘𝑟 = 0.
We proceed as before, but now in descending order, we glue 𝐶 ′

2𝑘1
with 𝐶 ′

2𝑘2
, if 𝑘2 ≥ 1, along the

irrelevant P1’s. We obtain a curve 𝐶1
𝑔 . For 𝑖 ∈ {2, 𝑟 − 1} we repeat this process to obtain a curve

𝐶𝑟−1
𝑔 . For the last step, if 𝑘𝑟 ≥ 1, then we repeat the same process. Otherwise, 𝑘𝑟 = 0 and we

have to glue 𝐶𝑟−1
𝑔 with 𝐶1. In order to do this, we follow the blueprint of the 𝑔 = 3 case. We add

an irrelevant P1 to 𝐶𝑟−1
𝑔 as usual and glue 𝐶1 directly to some rational point of this one. The

result of this construction is a curve of genus 𝑔 with automorphism group 𝑄8 ≀ 𝑃𝑛. □

Remark 4.7. In an unpublished manuscript, cited as [Le-Ma2] in [LM06], Lehr and Matignon
show that the bound

𝑣𝑝(Card(Aut𝐶)) ≤ 𝑟(2𝑔, 𝑝)

hold for all primes 𝑝 and stable curves of genus 𝑔 over characteristic 𝑝 fields. They also provide a
similar construction to show that the bound is sharp. In particular, the reduction of the smooth
curves whose existence is affirmed by Theorem 4.13 have their stable reduction at some places of
bad reduction that hit the bound.

4.2.2. We now construct the specific singular curves that we will use to produce the 𝑝-part of
our lower bound for a prime number 𝑝. These are made using the 𝐶𝑟 curves of Section 3.2 of
[CP25] with a construction analogous to that of the previous paragraph. Let us first check that
the irreducible components of these curves have suitable automorphism groups and jacobians.

Lemma 4.8. Let 𝑝 ≥ 3 be a prime number and 𝑟 ∈ {1, . . . , 𝑝− 2}. Then the curve 𝐶𝑟 given by
the equation

𝑦𝑟(𝑦 − 1) = 𝑥𝑝

has automorphism group Z/𝑝Z and for Jacobian 𝐽(𝐶𝑟) a CM abelian variety of dimension (𝑝−1)/2
such that End 𝐽(𝐶𝑟) = Z[𝜇𝑝].

Proof. The dimension of 𝐽(𝐶) is given by the genus of 𝐶𝑟 which is (𝑝− 1)/2. We have an injective
map

Aut𝐶𝑟 →˓ Aut 𝐽(𝐶)

so that Z/𝑝Z ⊂ End 𝐽(𝐶) which gives an inclusion Z[𝜇𝑝] ⊂ End 𝐽(𝐶). Since it is a maximal order
we further have the equality and that 𝐽(𝐶) is a CM abelian variety.

□
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The construction presented here can also serve as a replacement for the CM abelian varieties used
in [Phi22b].

Proposition 4.9. Let 𝑔 ≥ 1 be a positive integer and 𝑝 a prime number. Then, there is a stable
curve 𝐶 of genus 𝑔 over Q(𝜇𝑝) such that

𝑣𝑝(Card(Aut𝐶)) = 𝑣𝑝(𝑀(2𝑔))

if 𝑝 ≥ 3 and
𝑣2(Card(Aut𝐶)) ≥ 𝑣2(𝑀(2𝑔)) + 1− 𝑔

otherwise.
Furthermore, its Jacobian 𝐽(𝐶) is a semi-abelian variety with abelian quotient a CM abelian
variety 𝐴 such that End𝐴 ≃ M𝑛(Z[𝜇𝑝]) for 𝑛 =

⌊︀ 2𝑔
𝑝−1

⌋︀
.

Proof. If 𝑔 < (𝑝− 1)/2 then we can take 𝐶 to be a P1 ∖ {0, 1,∞} diagram of genus 𝑔 given by
[IN97].

For 𝑔 ≥ (𝑝− 1)/2, let 𝑛 =
⌊︀ 2𝑔
𝑝−1

⌋︀
and 0 ≤ 𝑟 ≤ 𝑝− 1 be the rest of the division of 2𝑔 by 𝑝− 1 so

that
𝑔 = 𝑛 · 𝑝− 1

2
+

𝑟

2
.

Let us write 𝑣𝑝(𝑀(2𝑔)) as the sum
𝑛+ 𝑣𝑝(𝑛!).

For 𝑘 ≥ 0, let 𝐶𝑝𝑘 be the curve having dual graph the 𝑝-ary tree of depth 𝑘 constructed with

∙ root P1
Q(𝜇𝑝)

;
∙ child nodes P1’s attached at the points of 𝜇𝑝;
∙ parent nodes attached at ∞;
∙ leaves being 𝐶𝑟 curves.

By construction 𝐶𝑝𝑘 has as 𝑝-Sylow of its automorphism group an iterated wreath product of
Z/𝑝Z which corresponds to the 𝑝-Sylow of Z/𝑝Z ≀S𝑝𝑘 . We now decompose 𝑛 in base 𝑝

𝑛 =

𝑠∑︁
𝑖=0

𝑎𝑖𝑝
𝑖.

For all 0 ≤ 𝑖 ≤ 𝑠, we glue 𝑎𝑖 copies of the curve 𝐶𝑝𝑖 at their roots on a new copy of P1
Q(𝜇𝑝)

. We
then chain those root P1’s together. The resulting curve 𝐶 has by construction an automorphism
group which verifies the inequality

𝑣𝑝(Card(Aut𝐶)) ≤ 𝑣𝑝(𝑀(2𝑔))

if 𝑝 ≥ 3. As given by Lehr and Matignon – see Remark 4.7 – this is a bound for the 𝑝-adic
valuation of the automorphism group of a stable curve so we have equality.
For 𝑝 = 2, we only get an inequality

𝑣2(Card(Aut𝐶)) ≥ 𝑣2(𝑀(2𝑔)) + 1− 𝑔.

Finally, for 𝑝 ≥ 5, if the rest 𝑟 is non-zero, we add a component made of a P1 ∖ {0, 1,∞} diagram
of genus 𝑟/2.
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Then by Proposition 4.1 the Jacobian 𝐽(𝐶) of 𝐶 fits in an exact sequence

0 𝑇 𝐽(𝐶)
𝑟∏︀

𝑖=1
𝐽(𝐶𝑖).

Now, we see by Lemma 4.8 that the abelian varieties 𝐽(𝐶𝑖) are either trivial for those associated
irreducible component of 𝐶 which are isomorphic to P1 or are isomorphic CM abelian varieties
with endomorphism ring Z[𝜇𝑝] for the remaining 𝑛 irreducible components. We thus get the
claim. □

4.3. Galois twisting and bounding 𝑑𝐶𝑔

4.3.1. Let us first relate the twist of a curve 𝐶 and that of its Jacobian 𝐽(𝐶) in the case of a
twist by a 𝑝-group with 𝑝 ≥ 3 a prime number.

Proposition 4.10. Let 𝐶 be a stable curve over a number field 𝐾 of genus 𝑔 ≥ 2 and 𝑣 ∈ Σ𝐾 a
place. Let 𝐿/𝐾 be a finite Galois extension of group 𝐺 totally ramified at 𝑣 with 𝐺 a 𝑝-group for
𝑝 ≥ 3 a prime number, and

𝜄 : Gal(𝐿/𝐾) −→ Aut𝐾 𝐶

be an injective homomorphism. Then, there is an injective homomorphism

𝜄𝐽 : Gal(𝐿/𝐾) −→ Aut𝐾 𝐽(𝐶)

such that the 𝐿/𝐾-twist 𝐶 ′ of 𝐶 by 𝜄 has its Jacobian isomorphic to the 𝐿/𝐾-twist 𝐴 of 𝐽(𝐶) by
𝜄𝐽 . Furthermore, if 𝐶 has stable reduction at 𝑣 then we have

Card𝐺 | 𝑑(𝐶).

Proof. The first part of the statement follows by functoriality of the Jacobian with the fact that
the Torelli map gives a natural injection 𝑡 : Aut𝐶 → Aut 𝐽(𝐶) for 𝑔 ≥ 2.

By Deligne-Mumford we further have that 𝐶 and 𝐶 ′ have stable reduction at 𝑣 if and only if
their Jacobian have semi-stable reduction at 𝑣. So that if 𝐶 has stable reduction at 𝑣, 𝐽(𝐶) has
semi-stable reduction at 𝑣 and the twist 𝐽(𝐶 ′) has bad reduction at 𝑣 with Φ𝐽(𝐶′),𝑣 ≃ 𝐺 by
a generalization of Proposition 2.18 to semi-abelian varieties. From the definition we thus get
Card𝐺 | 𝑑(𝐶). □

We now apply this twisting construction to the stable curves given by Proposition 4.9.

Proposition 4.11. Let 𝑔 ≥ 1 be a natural integer and 𝑝1, . . . , 𝑝𝑘 be the odd prime divisors of
𝑀(2𝑔). Then there is a number field 𝐾𝑔 and stable curves 𝐶𝑝1 , . . . , 𝐶𝑝𝑘 of genus 𝑔 over 𝐾𝑔 such
that for all 1 ≤ 𝑖 ≤ 𝑘 we have

𝑣𝑝𝑖(𝑀(2𝑔)) | 𝑑(𝐶𝑝𝑖).

There is also a curve 𝐶2 of genus 𝑔 over 𝐾𝑔 such that

𝑣2(𝑀(2𝑔))/2𝑔−1 | 𝑑(𝐶2).

Furthermore, for any positive integer 𝑀 we can choose 𝐾𝑔 such that each curve have 𝑚 rational
point for some 𝑚 ≥ 𝑀 and the resulting marked curves have trivial automorphism groups for
𝑀 ≥ 𝑁 ′

𝑔.
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Proof. To obtain the first part, we argue as in the proof of Théorème 4.5 of [Phi22b] by applying
Proposition 4.10 to the curves of Proposition 4.9.

For the last part of the statement apply [Mor89] enough times by considering incomplete Skolem
data’s over unramified extensions of 𝐾𝑔 at all places above 2 and 𝑝1, . . . 𝑝𝑘. □

4.3.2. To conclude we use a universal scheme for cures of genus 𝑔 with enough marked points and
no automorphism. We will make this statement precise. First let us note the following well-known
proposition – see [Knu83].

Proposition 4.12. Let 𝑔 ≥ 1 be a positive integer and 𝐾 a number field. There is an integer 𝑁𝑔

such that for all 𝑚 ≥ 𝑁𝑔 the moduli space ℳ𝑔,𝑚 over 𝐾 of smooth proper curves of genus 𝑔 with
𝑚 marked points is a smooth scheme.

Theorem 4.13. Let 𝑔 ≥ 1 be an integer. We have the inequalities
𝑀(2𝑔)

2𝑔−1
≤ 𝑑𝐶𝑔 ≤ 𝑀(2𝑔)

and the equalities 𝑑𝐶2 = 𝑀(4) and 𝑑𝐶3 = 𝑀(3).

Proof. Let 𝐾𝑔 be the field given by Proposition 4.11 with 𝑀 = max (𝑁𝑔, 𝑁
′
𝑔) the bounds from

Proposition 4.11 and 4.12. We then consider the universal stable curve 𝒞/ℳ𝑔,𝑀𝑔 . Let us denote
by ̃︁ℳ𝑔,𝑀𝑔 the largest closed subscheme of ℳ𝑔,𝑀𝑔 . It is a fine moduli space for stable curves of
genus 𝑔 with 𝑀𝑔 marked points and trivial automorphism group. The pullback of 𝒞 provides a
universal curve ̃︀𝒞/̃︁ℳ𝑔,𝑀𝑔 .

Consider the semi-abelian scheme 𝐽(̃︀𝒞)/̃︁ℳ𝑔,𝑀𝑔 given by the Jacobian of the universal curve.
Let 𝑝1, . . . , 𝑝𝑘 be the odd prime divisors of 𝑀(2𝑔). By construction there are stable curves
𝐶2, 𝐶𝑝1 , . . . , 𝐶𝑝𝑘 represented by rational points on ̃︁ℳ𝑔,𝑀𝑔 such that 𝑣𝑝𝑖(𝑀(2𝑔) ≤ 𝑣𝑝𝑖(𝐶𝑝𝑖) for
1 ≤ 𝑖 ≤ 𝑘 and 𝑣2(𝑀(2𝑔))− 𝑔+1 ≤ 𝑣2(𝑑(𝐶2)). In particular, there are places 𝑣2, 𝑣𝑝1 , . . . 𝑣𝑝𝑘 ∈ Σ𝐾𝑔

such that, for all 𝑖 ∈ {1, . . . , 𝑘},
𝑣𝑝𝑖(𝑀(2𝑔) ≤ 𝑣𝑝𝑖(CardΦ𝐽(𝐶𝑝𝑖 ),𝑣𝑖

)

and
𝑣2(𝑀(2𝑔))− 𝑔 + 1 ≤ 𝑣2(CardΦ𝐽(𝐶2),𝑣2).

Let us fix 𝑖 ∈ {1, . . . , 𝑘}. By Theorem 3.7 there is a finite covering (𝑈𝑗)𝑗∈{1,...𝑟} of ℳ𝑔,𝑀𝑔((𝐾𝑔)𝑣𝑝𝑖 )
and finite groups 𝐻1, . . . ,𝐻𝑟 such that

𝑠 ∈ 𝑈𝑗 ⇐⇒ Φ𝐽(𝒞)𝑠,𝑣𝑖 = 𝐻𝑗 .

Since ̃︁ℳ𝑔,𝑀𝑔((𝐾𝑔)𝑣𝑖) is the closure of ℳ𝑔,𝑀𝑔((𝐾𝑔)𝑣𝑖), which is smooth, we have that 𝐶𝑝𝑖×𝐾𝑔(𝐾𝑔)𝑣𝑖
is represented by a point 𝑠𝑖 ∈ ̃︁ℳ𝑔,𝑀𝑔((𝐾𝑔)𝑣𝑖) in the closure of 𝑈𝑗 for some 𝑗. It follows by
Theorem 3.7 again that Φ𝐽(𝐶𝑝𝑖 ),𝑣𝑖

is a quotient of 𝐻𝑗 and thus

𝑣𝑝𝑖(Card𝐻𝑗) ≥ 𝑣𝑝𝑖(𝑀(2𝑔).

Let us denote this open 𝑈𝑗 by 𝑈𝑝𝑖 . Arguing in the same way a similar statement holds for 𝑣2.
That is, there is a non empty open subset 𝑈2 of ℳ𝑚,𝑀𝑔((𝐾𝑔)𝑣2) such that for all 𝑠 ∈ 𝑈2 we have

𝑣2(𝑀(2𝑔))− 𝑔 + 1 ≤ 𝑣2(CardΦ𝐽(𝒞)𝑠,𝑣2).
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The collection of the non empty open subsets 𝑈2, 𝑈𝑝1 , . . . , 𝑈𝑝𝑘 form an incomplete Skolem data
as given by Moret-Bailly in [Mor89]. This data has a solution, that is there is a finite extension
𝐿/𝐾𝑔, unramified a the places 𝑣2, 𝑣𝑝1 , . . . , 𝑣𝑝𝑘 and such that there are places 𝑤2 | 𝑣2, and 𝑤𝑝𝑖 | 𝑣𝑝𝑖
for 1 ≤ 𝑖 ≤ 𝑘, and a smooth proper curve 𝐶/𝐿 of genus 𝑔 with 𝑀𝑔 marked points that verifies

𝑣2(𝑀(2𝑔))− 𝑔 + 1 ≤ 𝑣2(CardΦ𝐽(𝐶),𝑤2
)

and
𝑣𝑝𝑖(𝑀(2𝑔) ≤ 𝑤𝑝𝑖(CardΦ𝐽(𝐶),𝑤𝑝𝑖

).

It follows that
𝑀(2𝑔)

2𝑔−1
≤ 𝑑(𝐶).

It is left to prove the equalities in the cases of 𝑔 = 2 and 𝑔 = 3. This follows directly from the
equality 𝑑𝑔 = 𝑀(2𝑔) for all 𝑔 ≥ 1 and the fact that the Torelli locus is Zariski dense in dimension
2 and 3. □
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